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ON CONTRA-GENERALIZED C*-IRRESOLUTE FUNCTIONS IN TOPOLOGICAL SPACES

S. Malathi Assistant Professor,Department of Mathematics, Wavoo Wajeecha Women’s College of Arts
and Science, Kayalpatnam -628204, Tamilnadu, India.

Abstract: The aim of this paper is to introduce the notion of contra-generalized c*-irresolute functions
in topological spaces and study their basic properties. Also, we see that composition of two contra-
generalized c*-irresolute functions is contra-generalized c*-irresolute function. This is the main part of
this paper. Also, the contra-generalized c*-irresolute function of a generalized c*-irresolute function is
contra-generalized c*-irresolute function. Further, we prove contra-generalized c*-irresolute function is
the stronger form of contra-gc*-continuous function.
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1. Introduction

In 1963, Norman Levine [5] introduced semi-open sets in topological spaces. Also in 1970, he
introduced the concept of generalized closed sets.In 1980, Jain[4] introduced totally continuous
functions. Dontchev[3] introduced the notions of contra continuity in topological spaces in 1996. In
2011,S.S. Benchalli and Umadevi | Neeli[1]introduced the concept of semi-totally continuous functions
in topological spaces.In this paper we introduce contra-generalized c*-irresolute functions in topological
spaces and study their basic properties.Section 2 deals with the preliminary concepts. In section 3,
contra-generalized c*-irresolute functions are introduced and study their basic properties.

2. Preliminaries

Throughout this paper X denotes a topological space on which no separation axiom is assumed.
For any subset A of X, cl(A) denotes the closure of A, int(A) denotes the interior of A. Further X\ A
denotes the complement of A in X. The following definitions are very useful in the subsequent sections.
Definition: 2.1 [5]A subset A of a topological space X is said to be a semi-open set if Accl(int(A))
and a semi-closed set if int(cl(A))CSA.
Definition: 2.2 [14]A subset A of a topological space X is said to be a a-open set if Acint(cl(int(A)))
and a a-closed set if cl(int(cl(A)))<SA.
Definition: 2.3 [6]A subset A of a topological space X is said to be a c*-open set if
int(cl(A))SAccl(int(A)).
Definition: 2.4 [6]A subset A of a topological space X is said to be a generalized c*-closed set
(briefly, gc*-closed set)if cl(A)=H whenever ACH andH is c*-open. The complement of the gc*-closed
set is gc*-open [7].
Definition: 2.5 [9]A subset A of a topological space X is said to be apre-generalized c*-closed set
(briefly, pgc*-closed set)if pcl(A)SH whenever ACH andH is c*-open. The complement of thepgc*-
closed set is pgc*-open [10].
Definition: 2.6A function f: X — Y is called

I.  totally-continuous [4] if the inverse image of every open subset of Y is clopen in X,
ii.  strongly-continuous [15] if the inverse image of every subset of Y is clopen subset of X,

iii.  semi-totally continuous [1] if the inverse image of every semi-open subset of Y is clopen in X

&
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iv.  contra-continuous [3] if the inverse image of every open subset of Y is closedin X.
Definition: 2.7 [8]A function f : X — Y is called a generalized c*-continuous (briefly, gc*-continuous)
function if the inverse image of every closed subset of Y is gc*-closed in X.
Definition: 2.8 [11]A function f : X — Y is called a pre-generalized c*-continuous (briefly, pgc*-
continuous) function if the inverse image of every closed subset of Y is pgc*-closed in X.
Definition: 2.9 [12]Let X and Y be two topological spaces. A function f : X — Y is called a contra-
generalized c*-continuous (briefly, contra-gc*-continuous) functionif f*(V) is gc*-closed in X for
every opensetVof Y.
Definition: 2.10[13]Let X and Y be two topological spaces. A function f: X — Y is called a contra-pre-
generalized c*-continuous (briefly, contra-pgc*-continuous) functionif f*(V) is pgc*-closed in X for
every open set V of Y .
Definition: 2.11[2]A function f: X — Y is called an irresolute function if the inverse image of every
semi-open subset of Y is semi-open in X.
Definition: 2.12[8]A function f : X — Y is called a generalized c*-irresolute (briefly, gc*-irresolute)
function if the inverse image of every gc*-closed subset of Y is gc*-closed in X.
Definition: 2.13[11]A function f : X — Y is called a pre-generalized c*-irresolute (briefly, pgc*-
irresolute) function if the inverse image of every pgc*-closed subset of Y is pgc*-closed in X.

3. Contra-generalized c*-irresolute functions

In this section, we introduce contra-generalized c*-irresolute functions and study their basic properties.
Now, we begin with the definition of contra-generalized c*-irresolute function.

Definition: 3.1 Let X and Y be two topological spaces. A function f : X — Y is said to be a contra-
generalized c*-irresolute (briefly, contra-gc*-irresolute) function if £*(V)is gc*-closedin X for every
gc*-open set V of .

Example: 3.2Let X={1,2,3,4} and Y={a,b,c,d}. Then, clearly t={¢,{1}{2,3,4},X} is a topology on X
and o={¢,{a}.{b}.{a,b}.{b,c}.{ab,c}{ab,d},Y} is a topology on Y. Define f by f(1)=b, f(2)=d, f(3)=c,
f(4)=a. Then the inverse image of every gc*-open set in Y is gc*-closed in X. Therefore, f is contra-gc*-
irresolute.

Proposition: 3.3Let X,Y be two topological spaces. Then f:X—Y is contra-gc*-irresolute iff £1(U) is
gc*-open in X for every gc*-closed set U of Y.

Proof:Assume that f : X — Y is contra-gc*-irresolute. Let U be a gc*-closed set in Y. Then Y\U is a
gc*-open set in Y. This implies, f*(Y\U) is a gc*-closed set in X. Since f*(Y\U)=X\f*(U), we have
X\f(U) is a gc*-closed set in X. This implies, f *(U) is a gc*-open set in X. Conversely, assume that f
(V) is gc*-open in X for every gc*-closed set U in Y. Let V be a gc*- open set in Y. Then Y\V is gc*-
closed in Y. Therefore, f1(Y\V) is gc*-open in X. That is, X\f*(V) is gc*-open in X. This implies, f
(V) is gc*-closed in X. Therefore, f is contra-gc*-irresolute.

Proposition: 3.4 Let X,Y be two topological spaces. Then every contra-gc*-irresolute function is
contra-gc*-continuous.

Proof: The proof follows easily from the fact that every closed set is gc*-closed.

The following example shows that the converse of Proposition 3.4 need not be true.

Example:3.5Let X={a,b,c,d} with topology t={¢,{a},{b}{a,b}{b,c}{ab,c}{ab,d},X} and
Y={1,2,3,4} with topology o={¢,{1}{3}.{1,3},{2,3,4},Y}. Define f:X—>Y by f(a)=4, f(b)=2, f(c)=1,
f(d)=3. Then the inverse image of every open set in Y is gc*-closed in X. Therefore, f is contra-gc*-
continuous. But f is not a contra-gc*-irresolute, since the inverse image of the gc*-open set {2} is {b},
which is not a gc*-closed set in X.

Proposition: 3.6 Let X,Y be two topological spaces. Then every contra-gc*-irresolute function is
contra-pgc*-continuous.
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Proof: Let f : X — Y be a contra-gc*-irresolute function. Let V be a closed set in Y. Then V is gc*-
closed in Y. By our assumption, f*(V) is gc*-open in X. This implies,f'(V) is pgc*-open in X.
Therefore, f is contra-pgc*-continuous.
The converse of Proposition 3.6 need not be true as seen from the following example.
Example: 3.7 Let X={a,b,c,d} with topology t={¢,{a},{b}.{a,b}.{a,c}{ab,c} X} and Y={1,2,3,4,5}
with topology o={¢,{1,2},{3,4}.{1,2,3,4},Y}. Define f:X—Y by f(a)=2, f(b)=1, f(c)=4, f(d)=3. Then the
inverse image of every open set in Y is pgc*-closed in X. Therefore, f is contra-pgc*-continuous. But f
IS not a contra-gc*-irresolute, since the inverse image of the gc*-open set {1} in Y is {b}, which is not a
gc*-closed set in X.
Proposition: 3.8Let X,Y and Z be topological spaces. Then
1. Iff: X — Y is contra-gc*-irresolute and g : Y — Z is continuous (resp. gc*-continuous), then
gef: X — Z is contra-gc*-continuous,
2. If f: X — Y is contra-gc*-irresolute and g: Y — Z is gc*-irresolute, then gof: X — Z is
contra-gc*-irresolute,
3. If f: X — Y is contra-gc*-irresolute and g: Y — Z is gc*-irresolute, then geof: X — Z is
contra-gc*-continuous &
4. If f: X — Y is gc*-irresolute and g: Y — Z is contra-gc*-irresolute, then gof: X — Z is
contra-gc*-irresolute.
Proof: It is obvious.
The following Proposition shows that the composition of contra-gc*-irresolute function and some
functions is contra-pgc*-continuous function.
Proposition: 3.9Let X,Y and Z be topological spaces.Then
1. Iff: X — Y is contra-gc*-irresolute and g : Y — Z is continuous, then gof: X — Z is contra-
pgc*-continuous,
2. If f: X — Y is contra-gc*-irresolute and g: Y — Z is gc*-continuous, then gof: X — Z is
contra-pgc*-continuous,
3. If f: X —> Y is pgc*-irresolute and g: Y — Z is contra-gc*-irresolute, then gof: X — Z is
contra-pgc*-continuous.
Proposition: 3.10Let X,Y and Z be topological spaces.
1. If f: X — Y is contra-gc*-irresolute and g : Y — Z is contra-continuous (resp. contra-gc*-
continuous), then gef: X — Z is gc*-continuous,
2. Iff: X — Y is contra-gc*-irresolute and g : Y — Z is contra-gc*-continuous, then gof: X — Z
is gc*-continuous (resp. pgc*-continuous),
3. Iff: X — Y and g: Y — Z arecontra-gc*-irresolute, then gef: X — Z is gc*-continuous (resp.
pgc*-continuous) &
4. Iff: X — Y and g: Y — Z arecontra-gc*-irresolute, then gof: X — Z is gc*-irresolute.
Proof: The proof is trivial.
Proposition: 3.11Let X,Y and Z be topological spaces. Then
1. Iff: X — Y is contra-gc*-irresolute and g : Y — Z is totally-continuous, then gef: X — Z is
gc*-continuous (resp. pgc*-continuous),
2. Iff:X — Y is contra-gc*-irresolute and g: Y — Z is strongly-continuous, then gof: X — Z is
gc*-continuous (resp. pgc*-continuous),
3. Iff: X — Y is contra-gc*-irresolute and g: Y — Z is semi-totally continuous, then gef: X — Z
IS gc*-continuous (resp. pgc*-continuous).
Proposition: 3.12Let X,Y and Z be topological spaces.Then
1. Iff: X — Y is contra-gc*-irresolute and g : Y — Z is totally-continuous, then gef : X — Z is
contra-gc*-continuous,
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2. Iff: X — Y is contra-gc*-irresolute and g: Y — Z is strongly-continuous, then geof: X — Z is
contra-gc*-continuous,
3. Iff: X — Y is contra-gc*-irresolute and g: Y — Z is semi-totally continuous, then gef: X — Z
IS contra-gc*-continuous.
In other words, totally-continuous (resp. strongly-continuous, semi-totally continuous) function of a
contra-gc*-irresolute function is contra-gc*-continuous.
Proposition: 3.13Let X,Y and Z be topological spaces.Then
1. If f: X — Y is contra-gc*-irresolute and g : Y — Z is totally-continuous, then gef: X — Z is
contra-pgc*-continuous,
2. Iff: X — Y is contra-gc*-irresolute and g: Y — Z is strongly-continuous, then gof: X — Z is
contra-pgc*-continuous&
3. Iff: X — Y is contra-gc*-irresolute and g: Y — Z is semi-totally continuous, then gof: X — Z
IS contra-pgc*-continuous.
Proof: The proof follows from the fact that every gc*-closed set is pgc*-closed.

Irresolute and contra-gc*-irresolute functions are independent of each other. For example, let
X={1,2,3,4} and Y={ab,c,d}. Then, clearly ={¢,{1}.{3}{4}{1,3}{1,4}{3.,4}{1,3,4}, X} is a
topology on X and o={¢,{a},{b},{a,b}.{b,c}{ab,c}{ab,d} Y} is a topology on Y. Define f:X—Y by
f(1)=b, f(2)=d, f(3)=c, f(4)=a. Then f is irresolute. But f is not contra-gc*-irresolute, since the inverse
image of the gc*-open set {a,c} is {3,4}, which is not a gc*-closed set in X. Define g:X—Y by
g(1)=0(3)=g(4)=a, g(2)=b. Then g is contra-gc*-irresolute. But the inverse image of the semi-open set
{b,c,d} is {2}, which is not a semi-open set in X. Therefore, g is not irresolute.

Proposition: 3.14Let X,Y and Z be topological spaces.If f : X — Y and g: Y — Z arecontra-gc*-
irresolute, then gof: X — Z is contra-gc*-irresolute.

Proof:Let X={X1,X2,....Xxn}, Y={Y1,Y2,....ym}pand Z={z1,2»,...,2zp} with n<m<p. Then there are four cases
arise.

Case (i) : Suppose f and g are 1-1. Define f&g by f(xi)=y; for all i=1,2,...,n and g(y;)=z; for all
j=1,2,...m. Since each {yi} is gc*-open and f is contra-gc*-irresolute, we have {f*(y)}={xi} is gc*-
closed. That is, each {x;} is gc*-closed in X. Since union of gc*-closed sets is gc*-closed, we have every
subset of X is gc*-closed in X. This implies, inverse image of every gc*-open set in Z under gef is gc*-
closed in X. Therefore, geof is contra-gc*-irresolute.

Case (ii) : Suppose f is 1-1 and g is not 1-1. Define f by f(x1)=y1, f(X2)=Ya,..., f(xn)=Yn and define gby
a(y)=9(y2)=...=2(y)=Zk, 9(Yk+1)=Zk+1,.-.,&(Ym)=Zm, Where 1<k<m. Since every singleton sets are gc*-
open, we have {zy}, {zk+1},..., {zm} are gc*-open in Z & {y1}.{y2}...., {yn}are gc*-open in Y. Also,
since f and g are contra-gc*-irresolute, we have g*({z}), 9 {zks1}),..., g ({zn}) are gc*-closed in Y
and T {y}), F {y2}),..., T ({yn}) are gc*-closed in X. That is, {y1,Yz,....yk} {Yk+1}s-..,{ym} are gc*-
closed in Y and {x1}, {Xz2},..., {xn} are gc*-closed in X. Since union of gc*-closed sets in X is gc*-
closed in X, we have every subset of X is gc*-closed in X. This implies, inverse image of every gc*-
open set in Z under geof is gc*-closed in X. Therefore, gof is contra-gc*-irresolute.

Case (iii) : Suppose g is 1-1 and f is not 1-1. Define f by f(x1)=f(X2)=...=f(xk)=Yk, F(Xk+1)=Yk+1>---»
f(Xn)=Yn, Wwherel<k<n and define g by g(y1)=z1, 9(y2)=22,..., g(Yym)=Zm. Since each {z;} and each {y;} are
gc*-open in Z and Y respectively and f&g are contra-gc*-irresolute, we have each {y;} is gc*-closed in
Y and {X1,Xo,....Xk}, {Xk+1},-.., {Xn} are gc*-closed in X. Now,

(o) {2 })=F (g {z))=F ({y1})=9.

(9N {z)=F (g {z)=F" {y:1)=9,
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(@) (2= G (2= (yiea))=6,

(@) (2= (2= WD =0, 1

(9oN) " ({zk1})=T(0" {Zkr1 1))=F ({¥i1 ) ={Xsa},

(@0 {2 D)=F (g (z)=F Qyh=0xd
(@1 Wzna )= (G zra D)= @ )=0,

(00 {znD)=F (G (znh)=F " Qynh)=0
(@) Wzm D=1 (G Uzma)=F ({610,

(o) {zoN=F1 (g {zo}))=F *({0})=0,which are gc*-closed in X.

That is, each (gof)*({z}) is gc*-closed in X.

{'E{{Z;)Zz,...,zs}, 1<s<p is gc*-open in Z, then (gof) *({z1,2a.. . ..zsH)=(gof) {{z:)U(geH) *{z2}) V... U(gef)
z}).

Since the union of gc*-closed sets in gc*-closed, we have (gof)*({z1,22....,2s}) is gc*-closed. Therefore,

inverse image of every gc*-open set in Z under gef is gc*-closed in X. Hence gef is contra-gc*-

irresolute.

Case (iv) :Suppose f and g are not 1-1. Define f by f(x1)=f(X2)=...=f(xk)=Yk, T(Xk+1)=Yk+1,---, f(Xn)=Yn,

where 1<k<n. Define g by g(y1)=a(Y2)=...=g(Yr)=2r, 9(Yr+1)=Zr+1,---,&(Ym)=Zm, Where 1<r<m. Since each

{zi} and each {yi} are gc*-open in Z and Y respectively and f,g are contra-gc*-irresolute, we have

{X1,X2,.. .. Xk}, {Xk+1} ..., {xn} are gc*-closed in X and {y1,Y2,...,¥r}, {Yr+1}>-.., {ym} are gc*-closed in Y.

Now,

(9of) " {z)=F (g {z))=F " {o})=0,

() {za)=r(g " {z1)=F" {00,

(@) {230 ()= Qe v
=F({y)UF ({y)U... Uy
=9ug U...uT ({y})

—£1
= ({y:})
{x1,202, X1 UK 413U UL JU 0443 if rzk
_ 0} if r<k
{{x1 xz wXr+1} if T'>k

(9of) " {zeaD)=F (g ({Zr+1})) F{yrid)

_{ if r+1<k
{x1,x2,. xk}U{xk+1}U Ulx Uy} if r+izk
_{ 0} if r<k 1
T Uxx0,Xr 1} if rzk—-1
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(1) "{z)=F (g (2 )= Wy D=0

(@) " ({zn1D=F(@" {z0+1D)=F " ({Ynr11)=9,

(@0 {zn})=F (G znh)=F *Qymh)=0
(@) {zma )= (@ zna )= {4D=0,

(9N {z,)=F (g {z,))=F " {d})=0,which are gc*-closed in X.
That is, each (gof)*({zi}) is gc*-closed in X.
If {212.....2¢}, 1<q<p is gc*-open in Z, then (gof) ({z1,22,....2a})=(gf)  ({z.})U(gef)
{{z2)U...u(ge) " ({za}).

Since the union of gc*-closed sets in gc*-closed, we have (gof)*({z1,22,...,zs}) is gc*-closed.
Therefore, inverse image of every gc*-open set in Z under geof is gc*-closed in X. Hence gof is contra-
gc*-irresolute.

Conclusion: In this paper we have introduced contra-gc*-irresolute functions in topological spaces.
Also, we have studied the relationship between contra-gc*-irresolute functions and other continuous and
irresolute functions already exist.
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